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Abstract 

We discuss explicitly the details and some remarkable physical conse- 
quences of the NL/L SUSY relation between N = 2 LSUSY QED and N = 2 
NLSUSY in two-dimensional space-time, which may show the potential of the 
SUSY composite model for the theory of everything beyond the SM. 
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1 Introduction 



SUSY [1, 2] and its spontaneous breakdown are profound notions related to the 
space-time symmetry and play crucial roles for the unified description of space-time 
and matter, threrefore, to be studied not only in the low energy particle physics but 
also in the cosmology, i.e. in the framework necessarily accomodating graviton. 

The nonlinear supersymmmetric general relativity (NLSUSY GR) theory [3] is 
constructed based upon the nonlinear (NL) representation of SUSY [2, 4] and the 
principle of the general relativity (GR) for four-dimensional space-time (d = 4) 
manifold equipped with NLSUSY degrees of freedom (d.o.f.) on tangent space, which 
proposes a new paradigm (called SGM scenario [3, 5, 6]) for describing the unity of 
nature. The NLSUSY invariant GR action -^nlsusygr(^) (in terms of the unified 
vierbein w a p ) desribes geometrically the basic principle, i.e. the ultimate shape of 
nature is unstable space-time with the constant energy density (cosmological term) 
A > 0. NLSUSY GR decays (called Big Dcay) spontaneously and creates quantum 
mechanically ordinary Riemann space-time and spin-| massless Nambu-Goldstone 
(NG) fermion matter (called superon) with the potential (cosmological term) V = 
A > depicted by the SGM action L SGM (e, ip) (in terms of the ordinary vierbein e a M 
and the NG fermions ip l ), which ignites the Big Bang of the universe. We showed 
explicitly in our previous works in asymptotic Riemann-flat (e a ^ — > 5 a ^) space- 
time that the vacuum (true minimum) in SGM scenario is V = which is achieved 
when the NG fermions constitute the linear (L) SUSY representation dictated by the 
space-time A^-extended NLSUSY symmetry. That is, all local fields of the LSUSY 
supermultiplet and the familiar LSUSY gauge theory L LSU sy(A A, v a , . . .) emerge 
as the composites of NG fermions on the true vacuum. In the SGM scenario all 
(observed) particles are assigned uniquely into a single irreducible representation 
of SO(N) (50(10)) super-Poincare (SP) group as an on-shell supermultiplet of A" 
LSUSY [7]. As mentioned above, they are considered to be realized as (massless) 
eigenstates of SO(N) (50(10)) SP composed of NG fermions (superons) which 
correspond to the coset space coordinates for 5 " p ^~^^ 4, ' R - ) of NLSUSY describing 
the spontaneous SUSY breaking (SSB) by itself. 

In order to extract the low energy physical contents of NLSUSY GR and to 
examine the SGM scenario, we investigated the NLSUSY GR model in asymptotic 
Riemann-flat space-time, where the NLSUSY model appears from the cosmological 
term of NLSUSY GR. The NLSUSY model [2] are recasted (related) systemati- 
cally to various LSUSY (free) theories with the SSB [8]-[14] and also to interacting 
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N = 2 LSUSY (Yukawa-interaction and QED) theories in two-dimensional space- 
time (d = 2) [15]-[17] under the adoption of the simplest SUSY invariant constraints 
and the subsequent SUSY invariant relations in NL/L SUSY relation. (Note that 
N = 2 SUSY in SGM scenario realizes J p = 1~ vector field [12]. Therefore N = 2 
SUSY is the viable minimal case.) The SUSY invariant relations, which are ob- 
tained systematically from the SUSY invariant constraints [8, 10] in the superfield 
formulation [18], describe all component fields in the LSUSY multiplets as the com- 
posites of the NG-fermion superons and give the relations between the NLSUSY 
model and the LSUSY theories with the SSB. Through the NL/L SUSY relation, 
we pointed out that the scale of the SSB in NLSUSY which is naturally related to 
the cosmological term of NLSUSY GR gives a simple explanation of the mysterious 
(observed) numerical relation between the (four-dimensional) dark energy density of 
the universe and the neutrino mass [6, 19] in the vacuum of the N = 2 SUSY QED 
theory [20]. 

In the above SGM scenario it is an interesting and crucial problem to study 
how the (bare) gauge coupling constant of the SUSY QED theory is determined 
or whether it is calculable or not, provided the theory is that of everything. In 
this paper we study the N = 2 SUSY QED theory in d = 2 for simplicity of cal- 
culations without loss of generality by linearizing N = 2 NLSUSY under general 
SUSY invariant constraints which produce the subsequent general SUSY invariant 
relations. The NL/L SUSY relation for the SUSY QED theory are discussed gen- 
erally as self-contained as possible. We find in the general NL/L SUSY relation a 
remarkable mechanism which determines the magnitude of the bare gauge coupling 
constant from constant terms in SUSY invariant relations (vacuum expectation val- 
ues (v.e.v.'s)) of auxiliary fields. We show that the NL/L SUSY relation determines 
the magnitude of the electromagnetic coupling constant (i.e. the fine structure con- 
stant) of N = 2 LSUSY QED and argue remarkable physical significances of the 
NL/L SUSY relation. 

2 N = 2 LSUSY QED action 

We construct manifestly N = 2 LSUSY QED action in d — 2. Let us first 
introduce the superfield formulation of N = 2 SUSY QED theory in d — 2, in which 
aiV = 2 (general) SUSY QED action is constructed from N = 2 general gauge and 
N = 2 scalar (matter) superfields on superspace coordinates (x a ,9 l a ) (i = 1,2). The 
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d = 2, N = 2 general gauge superfield [21, 22] is defined by 

V(x, 9) = C(x) + e l X\x) + \WQ 3 M l3 (x) - \WM»{x) + -eW^(\){x) 

Zi Z 4r 

- % -/ 3 W la Q i v a [x) - -6 l 6 l d j \ j (x) - -0 i i e j 6 j D{x), (2.1) 
4 2 8 

where component fields ^(x) = {C (x) , A 1 (x) , M lj (x) , ■ ■ ■} in the superfield (2.1) 
are denoted by (C,D) for two scalar fields, (A 4 , A 1 ) for two doublet (Majorana) 
spinor fields, <p for a pseudo scalar field, v a for a vector field, and M lJ = 
(= I(M^' + AP'*)) for three scalar fields {M u = 5 ij M ij ). The d = 2, N = 2 scalar 
superfield is expressed as 

&(x,e) = B\x) + 6 l x(x) - e ij j is(x) - -6 j 9 j F\x) + 6 l 6 3 F j (x) - i6 l $B j (x)6 3 

+ l -e j e j {e i @x{x) - t lk e k ^v(x)) + -e j o j 9 k e k nB i (x), (2.2) 

2 8 

where component fields y$(x) = {B l (x) , x 1 (x) , v l (x) , F l (x)} in the superfield (2.2) 
are denoted by B % for doublet scalar fields, (x, v) for two (Majorana) spinor fields 
and F % for doublet auxiliary scalar fields. The supertransformations of the gauge 
and scalar superfields with constant (Majorana) spinor parameters Q are given as 

5 c V{x,e) =CQ i V{x,0), 5^{x,9) = ^Q^\x,d), (2.3) 

where supercharges Q % = -J^ + iftO 1 , which determine LSUSY transformations of the 
component fields in the power series expansion with respect to 6 l . 

The general N = 2 SUSY QED (gauge) action (with SSB) is written in terms 
of the general gauge and the scalar (matter) superfields (2.1) and (2.2) (for the 
massless case) as 

-^iV=2SUSYQED = -^Vkin + -^VFI + -^<I>kin + L e (2-4) 

with 

32 u J e i =o 

U kiQ + L e = -^j 'd 4 6 l e- 4eV ($ J ) 2 , 
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(2.5) 
(2.6) 
(2.7) 



where Lykin, ^vfi, L^ in and L e are the kinetic terms for the vector supermultiplet, 
the Fayet-Iliopoulos (FI) D term, the kinetic terms for the scalar (matter) super- 
multiplet and the gauge interaction terms, respectively. In Eq.(2.5) W iJ and W l 5 J 
are scalar and pseudo scalar superfields defined by 

yyij = ^^iy, Wl j = D%D j V (2.8) 

with the differential operators D l = -—^ — i jbB 1 . In Eq.(2.6) £ is an arbitrary 
dimensionless parameter and k is a constant with the dimension (mass) -1 , while in 
Eq.(2.7) e is a gauge coupling constant whose dimension is (mass) 1 in d — 2. 

The explicit component form of the N = 2 SUSY QED action (2.4), i.e. the 
actions from (2.5) to (2.7), is 

^vkin = -\(F 0ab f + l -X o 0X o + \{d a A Q ? + \{d a 4>o? + \Dl = L° kin , (2.9) 
Lvfi = --(D - DC) = L° FI + i DC, (2.10) 

^L-^ a (BW), (2.11) 
L e = e \iv Qa xi a v - e^v a B l d a B> + X oX B* + e ij X uB^ - ^D (B i ) 2 

+^A(XX + vv) - 0oX7s^ + • • • | 

+\f{(v 0a 2 -A*-<ft)(B i ) 2 + ...} + •.., 
= L° + -.., (2.12) 

where we use gauge invariant quantities [16, 18] denoted by 

{A), 0o, i^, A* , Do} = {M u , 0, F afe , A 1 + i0A\ D + DC} (2.13) 

with F 0ab = d a v b - d b v 0a and F ab = d a v b - d b v a , which are invariant (v 0a = v a trans- 
forms as an Abelian gauge field) under a SUSY generalized gauge transformation, 
5 g V = A 1 + A 2 , with generalized gauge parameters A 1 in the form of the N = 2 scalar 
superfields. In Eqs. from (2.9) to (2.12) Ly kin , Ly FI , L% kin and L Q e are defined as the 
actions which are expressed in terms of only the component fields {A , O , v 0a , A , D } 
corresponding to the d.o.f. for the minimal off-shell vector supermultiplet and the 
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components for the scalar supermultiplet, while the ellipses in Eq.(2.12) mean the 
terms depending on the redundant auxiliary fields {C, A, M lj (i ^ j)} in the general 
gauge superfield and higher order terms of e n (n > 3). The N = 2 SUSY QED 
action (2.4) in the Wess-Zumino (WZ) gauge [18, 22] gives the minimal action for 
the minimal off-shell vector supermultiplet with the arbitrary e. 

3 Linearization of TV = 2 NLSUSY 

In order to discuss the (general) NL/L SUSY relation for the N = 2 SUSY QED 
theory in d — 2 without imposing a priori any special gauge conditions, let us 
show explicitly the SUSY invariant constraints and the subsequent SUSY invariant 
relations in the most general form. They are obtained by introducing NG fermions 
if) 1 with their supertransformations (on a hypersurface defined by 6 % = Kifj 1 in the 
superspace), i.e. NLSUSY transformations [2], 

V = -rw'a.f (3.i) 

K 

The N = 2 NLSUSY transformations (3.1) make the following action invariant; 
namely, the N = 2 NLSUSY action is 

£tv=2Nlsusy = — 7t-j \w\, (3.2) 

where |u;| is the determinant [2] describing the dynamics of (massless) ip\ i.e. in 
d = 2, 

\w\ = det(w\) = det(S a b + t\) = l + t a a + ^{t a a t\ - t\t b a ) (3.3) 

with t a b = -iK 2 v/j l ~f a d b 'if)\ 

The SUSY invariant relations, which describe all the component fields in the iV = 
2 SUSY QED theory as the composites of the NG fermions -0\ are systematically 
obtained by considering the superfields on specific supertranslations of superspace 
coordinates [8, 10] with a parameter ( l = —Kip\ which are denoted by (x /a ,6^), 

x' a = x a + iK&W, 

H = 6 l - K ip\ (3.4) 
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where the origin of (x /a , 0'£) corresponds to the hypersurface 9 l = Kip 1 for NLSUSY. 
Indeed, we define the N = 2 general gauge and the N = 2 scalar (matter) superfields 
on {x' a ,9'*) as 

V(x',9') = V(x,9), ¥(x',9') = ¥(x,9), (3.5) 
where V(x, 9) and 9) may be expanded as 

V(x,9) = C{x) + 9 l K l (x) + \e l 9 3 M ij (x) - \WM"{x) + -eW^^x) 

Zi Zi 

-\j j &7 a Pv a {x) - ^0WA J '(a;) - l&PPfflDix), (3.6) 
4 2 8 

0) = £ J (x) + - - \9 j 9 j F\x) + P&F'ix) + ■■■. (3.7) 

In Eqs.(3.6) and (3.7) the component fields v?y( x ) = {C(x),A l (x), ■ • •} and <fi^(x) = 
{B l (x), x(x), ■ ■ •} can be expressed in terms of the initial component fields <Py(x) 
and (fi(x) in Eqs.(2.1) and (2.2) and the NG fermions ip 1 [14, 17]. According to the 
supertransformations (2.3) and (3.1), the superfields (3.5) transform homogeneously 
[8, 10] as 

8 c V(x,9) = Cd a V(x,9), 5 c &(x,9) = ?d a ¥{x,e) (3.8) 

with £ a = iK^^C, which mean the components <fy(x) and <f>$(x) do not transform 
each other, respectively. Therefore, the following conditions, i.e. the SUSY invariant 
constraints eliminating the other d.o.f. than ip{,(x), (p$(x) and ip\ can be imposed, 

(f>y(x) = constant, (3.9) 
<p$(x) = constant, (3.10) 

which are invariant (conserved quantities) under the supertrasformations (2.3) and 
(3.1). 

The constraints (3.9) and (3.10) are written in the most general form as follows; 

c = i c , M ij = a, ~4> = ^ v a = c, y = Cx, d = -, (3.11) 

K 

B 1 = Cb, X = t x , * = & = (3.12) 

where the mass dimensions of constants (or constant spinors) in d — 2 are defined 
by (-1, i, 0, 0, 0, -\) for & ^, £, ft), (0, -\) for &) and 

for £ l for convenience. The general SUSY invariant constraints (3.11) and (3.12) 
can be solved with respect to the initial component fields and in terms of 
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namely, the SUSY invariant relations </?{, = y?y(V0 are calculated systematically and 
straightforwardly as 

C = + + \^&i> 3 - W) + ^ 2 e^W - ^C^W 

M ij = + + + me^*V^^A'(V0 - -K 2 e ik e jl i) k ^ l UC{^), 



2 

D = - — iKpflXty) 

K 

2 L 2 

+^ < 7«VW(V0 - ie ij ^ la ^d a d b v b ^) 

--K 3 ^ff>DA j (^ + -KWffO^W, (3.13) 
2 8 

while the SUSY invariant relations — "^(VO are 
—iKpiTjihifiTi 1 



2 2 8 

1/ = f„ - K e ij {i; i F j ^) - iftB 1 ^)^} 

2 2 8 

F* = — — iK{ft@xW + e^'MVO) 

K 

+i K 3 ^'^'{^n x (^) + e ifc ^ fc Dz/(^)} - -^ilP^^UF 1 ^). (3.14) 
2 8 

For simplicity of arguments about NL/L SUSY relation, we reduce the above 
SUSY invariant constraints and the SUSY invariant relations (the massless eigen- 
states composed of to more simple (but nontrivial and general) expressions. 
Since in Eqs.(3.13) and (3.14) the constants (the v.e.v.'s) which do not couple to ip % 
are only £ c and we put 



a = a = ^ = c = a = o, £x = e, = o. (3.i5) 

except for £ and which are the fundamental constants in the simplest and non- 
trivial NL/L SUSY relation for the N = 2 SUSY QED theory with the SSB [15, 17]. 
Further we put 

& = 0, (3.16) 

because we would like to attribute straightforwardly the N = 2 SUSY QED action 
(2.4) to the N = 2 NLSUSY action (3.2) up to a normalization factor when the 
SUSY invariant relations are substituted into Eq.(2.4). Then, the SUSY invariant 
constraints (3.11) and (3.12) become 

C = f c , A i = M ij = 4> = v a = A* = 0, D = -, (3.17) 

K 

B l = x = i) = 0, F* = ^, (3.18) 
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and the SUSY invariant relations (3.13) and (3.14) reduce to 



and 



A 1 



1 



-—^K 2 1p l ^^\w\, 



(f) = —-^ne l3 ^ l ^^ 3 \w\, 



--^«;e lJ -0 l 7 a ^ J |-u;|, 



D 



K 



\W\, 



x = e 



^\w\ + -K 2 <9 a ( 7 a v>yy IH) 



K l 8 



(3.19) 



(3.20) 



which are written in the form containing some vanishing terms due to (ip % ) = 0. 



4 NL/L SUSY relation for iV = 2 SUSY QED 



In this section we discuss the relation between the N = 2 SUSY QED action (2.4) 
and the N = 2 NLSUSY action (3.2). Substituting the reduced (but general) SUSY 
invariant relations (3.19) and (3.20) into Eqs.(2.5), (2.6) and (2.7) gives the relations 
among the actions as follows; 



L V km(4>) 
(£*kin + L e )(lp) 



— £ 2 £jV=2NLSUSY, 
^JV=2NLSUSYj 
~(C) 2e 4e?C -^V=2NLSUSY, 



(4.1) 
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which can be obtained systematically by changing the integration variables in the 
actions (2.5), (2.6) and (2.7) from (x, 6 l ) to (x',e H ) under the SUSY invariant con- 
straints (3.17) and (3.18) (see, for example, [14]). Therefore, from Eq.(4.1) we obtain 
a general NL/L SUSY relation for the N = 2 SUSY QED theory in d = 2 as 

/(£) Cj £c, e) LjV =2 NLSUSY = ^V=2SUSYQED ( 4 -2) 

with a normalization factor /(£, £ l , £ c , e) defined by 

/(e,e,e c ,e) = ? 2 -(f)V 4 ^. (4.3) 

Here we remind ourselves of the NLSUSY GR model in SGM scenario. In the 
SGM action L SGM (e,ip) the relative scale of the kinetic terms for the NG fermions 
ip l to the Einstein GR theory is fixed as — j^t a a = ^ip l (^ip l ; namely, the SGM action 
can be written (in d = 4) as [3, 5, 6] 

c 4 

£ S GM(e,V) = Y^Q e ( R ~ HA +•••), (4.4) 

and then the dimensional constant k in the determinant (3.3) is fixed to k~ 2 = 
By regarding the NLSUSY GR theory in SGM scenario as the fundamental theory 
of space-time and matter, £jv=2SUSYqed ^ s attributed to Lat =2 nlsusy which is the 
cosmological term of SGM (NLSUSY GR) action for the asymptotically flat space- 
time, i.e. we put 

m,?,tc,e) = l. (4.5) 

This situation is different from the string theory, where (the magnitude of the cou- 
pling contant of) the gauge theory appears by the compactification of extra space. 

Remarkably, the condition (4.5) gives the gauge coupling constant e in terms of 
C, C and £ c as 

1 (C) 2 

Now let us discuss the relation between the general N = 2 SUSY QED action 
(2.4) and the minimal one for the minimal off-shell vector supermultiplet in the 
NL/L SUSY relation (4.2) with the normalization condition (4.3). The (minimal) 
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actions £y kin , ^vfi> L% kin and LP e denned in Eqs. from (2.9) to (2.12) is related to 
the general N = 2 SUSY QED action of Eq.(4.1) in NL/L SUSY relation as 



where L®(ifj) = jeK^^ 1 ) 2 ^^^^ and the SUSY invariant relations of the aux- 
iliary fields F l in Eq.(3.20) have been changed (relaxed) by four NG fermion self- 
interaction terms as 



Obviously the minimal N = 2 SUSY QED action for the minimal off-shell vector 
supermultiplet is included in the relations (4.7) at the leading order of the factor 

e" 4e ^. 

It can be seen easily that the numerical factor e~ 4e?c in the relation (4.7) is 
absorbed into the action by rescaling the whole scalar supermultiplet by e~ 2e ^ c 
and by translating the auxiliary field C by £ c in the gauge action (2.7) as 



Lvkin(i>) — L vkin (lp) — — £ £tv=2NLSUSY , 

£vfi(V0 = £vfi(V0 + [ tot - der. terms] = 2£ 2 Ltv =2 nlsusy, 
(L^ + L e )(V0 = (e~ 4e?c 4kinlF^F' + L°)(V0 + [tot. der. terms] 

— ~~ (^) 2 e~ 4e?c -^AT=2NLSUSY, 



(4.7) 



(4.8) 



^(V)-^W = c- 2fae v4(V), 



(4.9) 



Indeed, the actions (2.5), (2.6) and (2.7) in terms of the fields C} become 



Lvkm(ip) = L Vkin (ifj) = Ly kin (ip) = -C 2 ^v=2Nlsusy, 
LvfiW = £vfi(V0 = Ly F1 (ip) + [tot. der. terms] 
= 2£ 2 Lat =2 nlsusy, 



(4.10) 



(4.11) 



(£<Kkin + L e )(l/j) = (L^kin + L e ){lp) 



{L% kin \p^p, + L e )(ip) + [tot. der. terms] 

— (C) 2e 4e?C -^V=2NLSUSY, 



(4.12) 



where 




(4.13) 
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Therefore, we obtain the ordinary N = 2 SUSY QED action for the minimal 
off-shell vector supermultiplet with the U(l) gauge coupling constant (4.6), i.e. 

£at=2Nlsusy = £|/=2Susyqed = -^ / A r =2LsusYQED + t tot - der. terms], (4.14) 

where the minimal N = 2 SUSY QED (U(l) gauge) action -£jv=2Lsusyqed is defined 
by 

A r =2LSUSYQED = -^Vkin + ^VFI + -^$kin I F->F' + ^e" (4-15) 

Interestingly e defined by the action (2.7) depends upon the constant terms (the 
v.e.v.'s) of the auxiliary fields, i.e. the vacuum structures. (Note that the bare e is 
an arbitrary parameter, provided £ c — > corresponding to the adoption of the WZ 
gauge throughout the arguments.) 

5 Summary and discussions 

In this paper we have studied the NL/L SUSY relation for the N = 2 SUSY QED 
theory in d — 2 starting from the most general SUSY invariant constraints (3.11) 
and (3.12) and the subsequent SUSY invariant relations (3.13) and (3.14). After 
reducing those constraints and relations to simpler (but general) expressions of Eqs. 
from (3.17) to (3.20), we have obtained the general NL/L SUSY invariant relation 
(4.2) which produces the overall (normalization) factor (4.3) depending on the gauge 
coupling constant e. The overall factor (compositeness condition for all particles) 
should be (4.5) in SGM scenario for the basic NLSUSY GR theory, which gives 
the relations between e and the constant terms in SUSY invariant relations (the 
v.e.v.'s) of the auxiliary fields, £, £ l and £ c as in Eq.(4.6). We have shown in detail 
that Eq.(4.6) holds in the subsequent WZ gauge as well. 

Our study may indicate that the general structure of the constant terms (the 
v.e.v.'s) of auxiliary fields for the general (gauge) superfield and the NL/L SUSY 
relations play crucial roles in SUSY (composite) theory by determining the true vac- 
uum of NLSUSY GR (SGM) through the Big Decay and the SSB, explaining simply 
the observed mysterious numerical relations between the (dark) energy density of the 
universe pr> (~ |^) at the large scale and the neutrino mass at the (low energy) 
local frame m u [19, 20], 
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(where g sv is the coupling constant of superon with the vacuum) and determining 
the magnitude of the (bare) gauge coupling constant (i.e. the SUSY compositeness 
condition for all particles including the auxiliary fields). These are characteristic 
features of the SGM scenario for unity of space-time and matter, where the ordinaly 
LSUSY theory in flat space-time originates from the cosmological term of NLSUSY 
GR action. The similar arguments in d = 4 for more general SUSY invariant 
constraints and for the large N SUSY, especially N = 4,5 are interesting and 
crucial. 

Finally we just mention that Eq.(5.1) of SGM scenario may indicate the super- 
fluidity of nature, i.e. what Landau-Gintzburg theory is to BCS theory of supercon- 
ductivity, LSUSY theory is to NLSUSY GR (SGM) of the superfluidity of space-time 
and matter. The observed particles of LSUSY theory may be the SUSY composites 
(eigenstates) of NG fermions dictated by the space-time symmetry. 
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